where a(u) is a function like a(u) = l/G and a(x) is a smooth nonnegative function on 0.
When a(x) ~0 it is well known that generally, smooth solutions never exist in whole time, in other words, a solution may blow up in a finite time even if the initial datum (uo, ul) is very smooth and small (cf. Lax [S] ).
On the other hand, if a(x) aso> for some constant so the problem (0.1) admits a global smooth solution if (u,, 1(r) is sufficiently smooth and small (of course, under a certain compatibility condition) (cf. Nishida [13] , Matsumura [7] , Slemrod [17] , Bloom [l] , Milani [6] , etc.). Such a result is known even for more general or fully nonlinear hyperbolic equations (cf. Klainerman [4] , Shibata [16] , etc.). For these arguments the energy decay of solutions of the linearized equation is essential.
In this paper we are interested in the case when a(x) is nonnegative, but vanishes somewhere in a. Under this weaker condition we shall derive an existence theorem of global smooth solutions for small initial data.
More precisely, we make the following assumption on u(x): 299
Note that by taking p small, a(x) is admitted to vanish on N-1 dimensional manifolds in Sz.
In order to explain the difficulty of our problem let us consider the linearized equation at u = 0: When a(x) 2 so > 0 it is easy to see that for a solution of (0.3) the energy E(u(t)) z (l/2){ Ilut(t)ll: + IlVu(s)ll:} decays exponentially as t -+ 00, i.e., we have E(u(t)) d CE(u(0)) eCAr, c> 0, (0.4) for a certain 1> 0. By use of this we can prove the existence of global smooth solutions with small amplitude for the problem (O.l), which is the essential feature in the earlier papers cited above. If a(x) vanishes, however, it seems difficult to expect such a decay property as (0.4). Indeed, we know only the following much weaker decay property under the Hypothesis I (see [9] ): @u(t)) < C,(l + t)--'y (0. 5) where m is an integer with m > N/2 and C, is a positive constant depending on II~oIIHm+, + II~IIIHm. Note that the decay rate of E(u(t)) in (0.5) depends on the regularity itself of the solution u(t) and hence this decay property is very delicate. By a careful analysis we shall show that if p > N/(2m -N -l), the problem (0.1) admits a global smooth solution if the initial datum (uo, u1 ) belongs to a set YcH,+,xH,.
Here, roughly speaking, the set Y is unbounded in H, + 1 x H, and contains a small neighbourhood of (0,O) in &+1 x fim. It may be worth mentioning that our result is new even for the case a(x) 2 so > 0 (formally, the case p = co ) since our set 9' is unbounded in a certain sense. Now, let us state precise assumptions on a(o). We could treat a more general equation with -V{ B . VU} replaced by where { ci, j} is a matrix valued symmetric function satisfying the "ellipticity condition," and our result (Theorem 1) is valid for this general case. But, we restrict ourselves to the case in Hypothesis II for simplicity, which never changes the essential feature of the proof. The basic idea of the proof of our result is similar to our previous paper [lo] , where the usual semilinear wave equation with a degenerate dissipative term is treated. Needless to say, the quasi-linear equation (0.1) is physically more interesting and also difficult for application of our method.
Our method can be also applied to another type of quasi-linear equation
and ulX?=O, where M(v) is a smooth positive function and lI.Il denotes the usual L2 norm on Q. In the final section we shall mention briefly an existence result of global smooth solutions to the above problem (0.8).
PRELIMINARIES AND RESULTS
We shall denote by Dk, k a positive integer, any partial differentiation of order k with respect to the space variables xi, i= 1, . . . . N, and also sums of such partial differentiations. The differentiation with respect to the time t is denoted by D, or a/at. H,,,, a,,,, etc., denote usual Sobolev spaces on Q. Lp, 0 < p < co, is the usual Banach space with norm 11. Ilp and we write often IHI for lH12. We denote by 8, the set of pairs (uO, ul) which satisfy the compatibility conditions of the mth order. It is not difficult to see that 8, is a closed subset in H,, i x H, and a,,,+ i x 8, c 8, if m > N/2 + 1 (see Section 3). Now, the following theorem concerning the existence of a local solution is standard (cf. T. Kato [3] , Y. Shibata [16] ).
THEOREM 0. Let m > N/2 + 1 be an integer and assume that (uO, u,) satisfies the compatibility condition of the mth order and also l~Vu,~)2, <L. Needless to say, Hypothesis I is not required for Theorem 0, instead, smoothness of a( .) is sufficient. The proof of Theorem 0 is given by combining the a priori estimates in the sequel with the standard semi-group theory. Anyway, it is standard and omitted here.
Our main result reads as follows. Remark. Since a(x) is smooth we must take at most p < N/2 (consider the simplest case a(x) = Ix-x0j2, x,E@, and hence (1.3) is meaningful if (2m-N-1)>2, i.e., m>(N+3)/2. For the proof of our Theorem 1 we need the following two lemmas. As the first step of the estimation of the (local) solution we shall derive, under the assumptions (2.1) and (2.2), an estimate for the energy E(u(t)) -f Il~,Wl12 + j Nw~)l') dx Next, multiplying the equation by u and integrating over [tl, t2] we have 
From (2.8), (2.10), and (2.5) we have E(u(t2)) < 2 j" E(u(s)) ds < CA(t) 2 11 and hence, by the energy identity similar to (2.7),
which together with Young's inequality implies easily the desired estimate (2.6).
Q.E.D.
From the above proposition we obtain further the following PROPOSITION 2.2. Let u(t) be a local solution on R x [0, T), T> 0, satisfying (2.1) and (2.2). Then, it holds that
where we set and define gK(t) by
Proof: Inequality (2.12) is trivial if 0 < T < 1 and we may assume T> 1. By Lemma 1.1 and (2.1) we see with 8 = N/2m, and hence by (2.6),
sup E(u(s)) + D(t)*}. (2.14) tCS<l+l Applying Young's inequality to (2.14) we have or On the basis of the decay estimate (2.12) of the usual energy of the (local) solutions we shall derive estimates for escalated norms of u(t). In this section we shall establish the first step for this. PROPOSITION We shall prove that a similar estimate holds for i = k. By the equation for u(t) we see (assume that N-2m+2aJ>0 ifj>j, and N-2m+2aJ<0 ifj<j,)
When N -2m + 2a, < 0, (3.11) holds trivially. Therefore we can choose {pi};= ,, in such a way that which shows that (3.4) is valid for i= k and now the procedure of the induction for the proof of (3.4), 2 < i < m, is complete. Finally, to see (3.1) we have only to put B,j -Cf=, Bg!j. Q.E.D.
In connection with Proposition 3.1 we shall give another proposition which is concerned with the compatibility condition on (u,, ui). II~kllH,+,-k~qk(II~OIIH,+, + Il~llld We also use the abbreviated notation & for denoting various differentiations with respect to xi and t of order j and also their sums which contain at most k-2 order differentiation with respect to t. Then, as is seen in The proof is now complete. Q.E.D.
SHARPER ESTIMATION OF IlD~+'~(t)ll + IIDyu(t)llH, UNDER THE ASSUMPTION c;Td
IID;k~(t)ll~,+~~~ < K In this section we shall prove the following proposition which gives a sharper estimate for llD~"u(t)ll + IID;u(t)llH, under the conditions (2.1) and (2.2). where we set E,(t) -ll&""u(t)ll' + F,(t) with where I?, denotes positive constants depending on K, but independent of (&I, Ul). We must check the possibility of such a choice of {pi} in (4.17). But, we can show (cf. (3.7) ) that m-k;i-')+ +(;++ <;. Quite similarly we can show the same inequality for Jp' in (4.11), the detail being omitted.
Next, we shall proceed to the estimation of J3, J4, and J, in (4.7). Since these terms are treated by a similar device we shall carry out the estimation of J3 only. where we set and <i<S). Of course, we should choose {pi} as l<pi<cO, icoi=i, and 0<8,<1 (O<i<s). Operating Dmek-' we have
By the ellipticity assumption (0.6) we can apply the theory of elliptic equations (note that Du is Holder continuous) to (5.6) to get We can check the possibility of such a choice of {p,} by a similar argument as in (3.11) or (4.27), the details being omitted. By Proposition 3.1 we know IID'+ 'u(t)11 < BKgK(f))(m~j)p'N and hence the inequality (5.12) implies IIBi+ilo.D*-r-i+lu(t)ll When a(x) = 0 or a(x) = const. > 0 the existence of an "analytic" solution of (6.1) is proved in Pohozaev [14] and Nishihara [12] under the assumption that (uO, ul) are analytic and satisfy the compatibility condition of infinite order. Exponential decay is also known for the latter case. It is an interesting problem to ask whether the problem admits a global solution for the initial datum belonging to usual Sobolev spaces or not. Concerning this Yamada [18] proved that under the condition a(x) = const. > 0 the problem admits a unique (strong) solution if (u,,, ul) belongs to the Sobolev space H, n 8, x fi, and small in this norm. This solution becomes smoother if (u,, ui) is so. In the works above it is assumed that M(. ) 3 a0 > 0. See also [15] .
By applying the method used in the previous sections we can establish the following result for the problem (6.1). THEOREM The proof of Theorem 2 is similar and in fact simpler than that of Theorem 1 and omitted. (A detailed proof is given in our unpublished manuscript [ 11 I.) 
